ABSTRACT The problem of robust tube-based model predictive control (MPC) is considered for a class of discrete-time constrained linear systems with time-delayed states and additional disturbances. This paper presents an active robust control scheme that can simultaneously cope with disturbances and time-delay states using active approaches, rather than inherent system robustness. The proposed robust controller design methodology is implemented by constructing a minimal robust control-invariant set of nominal linear systems with time-delayed states neglecting additional disturbances. Based on the time-delay-dependent robust MPC approach for the nominal time-delay system, a novel active robust tube-based MPC algorithm considering time-delayed states is proposed. Furthermore, a delay-dependent sufficient condition for the tube-based controller is derived. Based on the implementation of the delay-dependent robust tube-based controller, the novel active control method is much less conservative than previous approaches. Numerical simulation results demonstrate the effectiveness of the proposed method.
I. INTRODUCTION
Model predictive control (MPC), which is also known as receding horizon control, has received significant attention in the control engineering field. It has also become a standard control strategy in industrial fields for implementing constrained, multivariable control in current process industries. MPC provides an integrated solution for controlling systems with interacting variables, complex dynamics, and constraints [1] , [2] . The basic concept of MPC is to calculate control inputs by repeatedly executing an optimization routine with constraints in a finite receding time window. Several MPC algorithms have been proposed in the literature [3] - [6] .
Significant progress has been made toward ideal MPC with optimal theoretical properties, such as guaranteed stability and robustness [7] , [8] . Time delays, such as computation time, are typically ignored in idealized models. However, time delays cannot be avoided in practice, especially in many chemical processes, which have seen widespread MPC application. Additional disturbances and time delays can lead The associate editor coordinating the review of this article and approving it for publication was Guangdeng Zong. to drastic performance degradation or even instability in a closed loop system [9] - [11] . To implement ideal MPC, various MPC algorithms for handling uncertain-time-delay systems have been proposed in the literature [12] - [14] . Many researchers have focused on the robust MPC of time-delay systems [15] - [21] . Other researchers have focused on MPC algorithms for linear discrete-time systems with bounded additional disturbances using tube-based controllers [4] , [22] . These design methods employ parameterized tubes representing a sequence of sets of states {X 0 , X 1 , . . . , X N } with associated parameterized feedback control policies. Such design methods demonstrate that reduction of online computational complexity can be achieved while preserving relevant robustness properties (such as robustness feasibility, attractivity, and stability) if the tube ''cross section'' is a robust positively/control-invariant set (i.e., at time i, X i = z i ⊕ Z , where z i is the center of the cross section of the tube and Z is a fixed robust positively/control-invariant set representing the tube cross section). An adequately designed tube is itself a robust positively/control-invariant set and is potentially nonconvex (and disconnected), even for linear-convex problems. Numerous applications of tubes in control theory (including viability theory, reachability analysis, set-membership state estimation, and uncertain linear equations) have been presented in the literature [23] - [26] . Therefore, we can conclude that the tube-based control strategy is an active robust control strategy for handling uncertainties or disturbances. However, it appears that previous tube-based control strategies only handled time-delay systems in a passive manner.
The goal of this study was to design a robust tube-based controller that handles local optimization, constraint control, and time-delayed states in an active manner. This paper presents an active tube-based robust control scheme considering disturbances and time delays. Here, ''active'' indicates that special designs based on system characteristics are included, which differs from ''passive'' solutions based on inherent system robustness. To the best of our knowledge, a robust tube-based MPC solution for time-delayed systems has not been investigated, which was the major motivation for our study. In this paper, we propose a novel delay-dependent robust tube-based MPC algorithm for a class of linear constrained systems with time-delayed states and bounded additional disturbances. Control performance can be improved by considering the full information of delayed states in nominal linear constrained systems with time-delayed states. Compared to previous methods in [4] that ignore time-delayed states and rely on inherent system robustness to handle time delays passively, the proposed method actively improves system performance and robustness.
The remainder of this paper is organized as follows. In section 2, the target problem is detailed and various standard assumptions are introduced. Section 3 presents a robust tube-based feedback controller for linear uncertain systems without time delay. Section 4 discusses the proposed robust tube-based MPC algorithm for time-delayed systems and an algorithm for calculating a robust positively invariant set. Section 5 demonstrates the excellent performance of the proposed controller through an example problem. Section 6 presents our concluding remarks.
II. PROBLEM STATEMENT
The control objective pursued in this work is the design of a robust controller for the following class of linear discrete-time systems with time-delayed states:
where, x(k) ∈ R n is the state vector, u(k) ∈ R m is the control input, and φ(k) ∈ R n is the initial condition for system (1) [12] . A, B, and A d are known real constant matrices of appropriate dimensions. d > 0 is a constant representing the delay index of the state, assuming 0 ≤ d ≤ d * with a bounded value of d * . w(k) ∈ R n is an unknown and bounded additional disturbance at sampling time k.
The system is subjected to the following constraints on the control inputs and states:
The set U is compact and X is closed. A x and A u are known real constant matrices with appropriate dimensions. 1 V in each equation denotes a column matrix of appropriate length containing only ones.
In this paper, we adapt the following standing assumption:
(ii) The disturbance vector w(k) is bounded and lies in the following compact convex polyhedron:
where W is a set that contains the origin.
(iii) The states of the system can be measured, meaning x(k) is known at each sample time.
Remark 1: It is well known that Assumption 1(i) is standard and denotes the internally stabilisability of the nominal dynamical system (i.e. the system in the absence of delayed state perturbations, uncertainties and external disturbances). And Assumption 1(ii) denotes the disturbance w(k) is assumed to be bounded and is also the basis of Tube robust control scheme. Meanwhile, Assumption 1(iii) is necessary for our study on the state feedback control law.
By following the concept proposed in [4] and neglecting disturbances, we define the following nominal linear discrete-time system with time-delayed states:
The following lemma is useful in deriving the criteria. Lemma 1 [27] : For any vectors Z , Y ∈ R n and any positive definite symmetric matrices P = P T ∈ R n×n , such that
Lemma 2 (The Schur Complement [27] ): Suppose Q and R are symmetric. The condition:
where, R † denotes the Moore-Penrose inverse of R.
III. PRELIMINARY RESULTS
The proposed controller for constrained linear systems with time delays is based on the robust MPC algorithm for regulation proposed in [4] . This scheme calculates the control inputs based on nominal predictions and the concepts of a tube of trajectories. VOLUME 7, 2019 In this section, these concepts are briefly introduced. For a plant modeled by (1) , its nominal model is obtained by ignoring disturbances and time delayed states, resulting iñ
wherex(k) andũ(k) denote the nominal state and input, respectively. Assume that a given sequence of control actions u has been calculated for the nominal plant in the model. Then, the predicted nominal trajectory starting from x is given by the recursionx(i + 1) = Ax(i) + Bũ(i), wherex(0) = x. Because a real system may be disturbed, the future trajectory of the disturbed plant will likely differ from the nominal prediction. To counteract the effects of disturbances, it is desirable to force the trajectory to lie as close as possible to the nominal trajectory. This can be accomplished by defining a timedelayed control action u(i) as follows:
where the feedback control gain K ∈ R m×n is chosen such that
where ⊕ denotes Minkowski set addition. To reduce conservativeness, the notion of a robust positively invariant (RPI) set [22] , [23] is introduced. Proposition 1 [4] : Suppose Z is disturbance invariant for
IV. ROBUST TUBE-BASED MPC ALGORITHM FOR TIME-DELAYED SYSTEM
Tube-based MPC is typically used to control nominal linear systems with bounded additive disturbances. This section is devoted to presenting the main contribution of this paper, namely a robust tube-based MPC algorithm for time-delayed systems.
A. ROBUST POSITIVELY INVARIANT SET (RPI SET) FOR TIME-DELAYED UNCERTAIN LINEAR SYSTEM

Proposition 2 (RPI Set):
The set Z is an RPI set for the timedelayed uncertain system in (1) 
Proof: Assume that x(k) ∈ Z and x(k − d) ∈ Z . First, consider the following time-delayed state-dependent controller:
By substituting this controller into (1), the equation can be rewritten as follows:
Here, we assume that
Because all x(k) ∈ Z , x(k − d) ∈ Z and all w(k) ∈ W . Therefore, we can obtain
Therefore, the set Z is an RPI set for the time-delayed uncertain system in (1).
Definition 1 (Minimal RPI Set): The Minimal RPI (mRPI) set of the time-delayed uncertain system in (1) is the RPI set in R n that is contained in every closed RPI set of (1).
Based on the computation method for the mRPI set from [22] , we can obtain the mRPI set for the time-delayed uncertain system in (1) as follows:
Remark 2: The feedback control gains K ∈ R m×n and K d ∈ R m×n are set such that A K + A dK is stable for the nominal
we can obtain that A K +A dK is a Huwiza matrix. Furthermore, the mRPI set can be approximately computed by using the method in [22] .
Proof: Because Z is a disturbance-invariant set for (1), then the system can be described as follows,
By substituting the robust active controller
into x(k + 1), we get
meaning x(k + 1) can be rewritten as follows:
From
Therefore, the robust tube-based MPC algorithm is valid.
Remark 3: For a nominal time-delayed system ignoring disturbancesx(k
then the performance of the system can be improved. By substituting the controllerû(k) into (17), we can obtain the following controller:
Furthermore, if we choose the feedback gainsK = K and K d = K d for simplicity, the controller can be rewritten as follows:
Therefore, we know that the active robust tube-based controller (17) for the system in (1) can be described as a nominal time-delayed controller. This controller can be implemented by determining the optimal control gains for a nominal system that ignores system uncertainty.
In the following subsection, to develop a time-delaydependent robust MPC approach for a nominal time-delay system, a novel active robust tube-based controller is proposed to handle state and control constraints.
C. TIME-DELAY-STATE-DEPENDENT MPC ALGORITHM
For a nominal linear system with time-delayed states,
Here, we focus on controller synthesis for a linear system with time-delayed states with the goal of constructing the following memory state feedback controller: (26) where K (k) and K d (k) are the gain matrices to be determined by MPC. Because the value of a state is measured at every sampling point k, we assume that the values of d are known.
First, we define the following infinite horizon quadratic cost function:
where Q 1 and R are known positive definite symmetric matrices. x(k + i|k) and u(k + i|k) are the predicted state and input, respectively, where
To design the controller in (26), we must determine the upper bound of the cost in (27) . Based on the LyapunovKrasovskii function, the following delayed-state-dependent quadratic function is designed:
where P = P T > 0 and S = S T > 0 are positive definite symmetric matrices that satisfy the following inequality:
Therefore, cost monotonicity is guaranteed for the timedelayed linear system in (25) . For the cost in (27) to be finite, we must have V (x(∞|k)) = 0. By summing both sides of the inequality in (29) from i = 1 to i = ∞, we get the following upper bound for the worst-case cost (27) :
Because a real system is subjected to constraints on control inputs and states as shown in (2) and (3), the constraints on the control inputs and states of the nominal linear system with time-delayed states should be obtained by using the following set algorithm:X
where, ∼ denotes a Pontryagin set difference operation.
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Therefore, the min-max problem can be relaxed to the following minimization problem, which minimizes the upper bound of the worst cost as
subject to (25) , (26), (29), (30), (31), and (32).
To convert the minimization problem in (33) into a linear matrix inequalities (LMI) problem that can be solved efficiently by a convex optimization algorithm, we define the upper bound for the object function in (28) as
where γ (k) is the nonnegative upper bound of V to be minimized. Based on (33), the original min-max problem in (30) can be redefined as the following optimization problem that minimizes the upper bound on the worst value of the original cost function J (k):
subject to (25) , (26), (29)
, (30), (31), (32), and (34). (35)
D. LMIs FOR OPTIMALITY AND CONSTRAINT HANDLING
In this section, we derive an LMI condition for the cost monotonicity in (29) using the delayed-state-dependent quadratic function in (28) . 
Proof: First, we derive the LMI condition for the inequality in (34). The inequality in (34) is rewritten as follows:
By multiplying both sides of the inequality in (41) by γ −1 (k), we get
By setting P = γ (k)Q −1 and S = γ (k)W −1 , and using Lemma 2, we get
To obtain an upper bound on the robust performance objective, the following design is implemented by substituting (28) into (29):
From the system in (25) and the time-delay-dependent state feedback controller in (26), we get
where
By substituting (46) into (44), we get
Then, the inequality in (47) can be transformed in matrix form as follows:
From (26), we can obtain
By substituting (49) into (48), the following inequality holds:
The inequality in (50) can be rewritten as follows:
Furthermore, based on (51),
From (52), we have
By Lemma 1, the following constraints hold:
Then, inequality (51) can be rewritten as follows:
Therefore, inequality (29) is satisfied if
holds. By multiplying both sides of inequality (56) by Q T and (2γ ) −1 Q, we get the following inequality:
Now, we set P −1 = γ −1 Q, S = γ −1 W , and KQ = Y . Then, by using Lemma 2, inequality (58) can be rewritten as the following inequalities:
By multiplying both sides of inequality (57) by W T and (2γ ) −1 W , we get the following inequality:
Then, by using Lemma 2, inequality (60) can be rewritten as follows:
Second, we discuss the system constraints. From (31), it is assumed that
Based on Lemma 2, we know that inequality (31) is satisfied if
holds, where m x denotes the number of rows in A x . Third, we convert the input constraint in (32) into LMI form. Based on (32), it is assumed that
Furthermore, we assume that K = K d = K opt is the optimal unconstrained feedback gain for (A, B, Q, R) . Therefore, the input constraint for the nominal time-delay system can be rewritten as follows:Û U ∼ 2K opt Z .
(65) VOLUME 7, 2019 Because γ > 0, inequality (42) can be rewritten as
Furthermore, because Q > 0 and W > 0, we can obtain
From (26), (64), the input constraint can be expressed as
which is equivalent to
The inequality (70) is equivalent to
Then, (71) is satisfied if
holds. This completes the proof.
V. SIMULATION AND ANALYSIS
In this section, a numerical example is used to illustrate the effectiveness of the proposed delay-dependent robust tube-based MPC algorithm. Continuously stirred tank reactors (CSTRs) form an essential part of any petrochemical refinery. We consider the classical example of a CSTR that is commonly encountered in process industries [28] , which is described as follows:
where A h is the reaction area, C Af is the feed concentration, C p is the heat capacity, E a is the activation energy, H is the heat of reaction, k 0 is a reaction rate constant, Q f is the feed stream flow rate, R 1 is the ideal gas temperature, T f 0 is the nominal feed temperature, U is the overall heat transfer coefficient, and V is the volume of the reactor.
A. LINEAR DISCRETE-TIME MODEL FOR THE CSTR
First, we consider the following normalized version of the system:
The process parameters were taken from [28] and are defined as follows:
The state constraints are
The control constraint is
The disturbance is bounded as w ∈ W { w| w ∞ ≤ 0.1}.
Furthermore, we apply Euler discretization with a sampling time T s = 0.1s to transform the system into the following discrete-time formation:
where,
Assume that x eq = [0.241, 24 .468] T is the expected equilibrium point and the initial value state is x(0) = [0. 22, 17.7] T . Then, we can obtain the following linearization model around the expected equilibrium point:
Furthermore, assume that a time delay of 0.4 s is included in the system. Then, the linearization model can be rewritten as follows:
Therefore, the time-delayed index d = 4. And the following infinite horizon quadratic cost function is defined,
where, u eq is the expected equilibrium point control.
B. MEMORYLESS CONTROLLER OBTAINED BY MAYNE'S METHOD
At each sampling time, based on the current state, we compute the optimal robust feedback gain K (k) by using Mayne's method from [4] while ignoring the time delay.
This controller is referred to as a memoryless controller. Therefore, it is equivalent to a delay compensation controller with τ k = 0. The performance of the closed-loop system is presented in Figs. 1-3 . The simulation results were obtained by using Mayne's method with a memoryless robust tube-based feedback controller. In Fig. 1 , the stabilization performance of this method is presented. One can see that the robust controller can drive the initial state to the expected equilibrium point. In Fig. 2 , the inputs are presented. The cost function used by this method is presented in Fig. 3 .
C. THE PROPOSED DELAY-DEPENDENT ACTIVE ROBUST TUBE-BASED CONTROLLER
To evaluate the performance of the method proposed in this paper, we define a delay-dependent active robust tube-based controller (17) . This controller is referred to as a time-delayed exact-memory-state feedback controller with time-delayed states x(k − d). The design of this controller was explained in Section III.
Figs. 4-6 present the responses of the system under the same conditions as those in the previous section, except that d = 4. These simulation results were compared with the results obtained by the delay-dependent robust controller method, which was also the nominal controller for the active robust tube-based controller. As expected, the exact-memory robust tube-based controller eliminates the effects of time delay to drive the initial state to the expected equilibrium point. From the simulation results, one can see that the input is within its limit and that no saturation occurs. These simulation results were also compared to the results obtained by Mayne's method with a memoryless robust tube-based feedback controller. In Fig. 7 , the red solid line represents the cost index for the proposed memory state feedback tube-based robust MPC and the blue dash-dot line represents the cost index for the memoryless tube-based robust controller using Mayne's method. One can see that the cost function for the memory state feedback tube-based robust MPC is smaller than that for the memoryless state robust tube-based controller.
Therefore, the simulation results demonstrate that the proposed active robust controller is suitable for constrained linear systems with time-delayed states, such as CSTRs. The proposed formulation explicitly handles control limits, state constraints, and state time delays.
VI. CONCLUSION
In this paper, we proposed a novel delay-dependent active robust tube-based MPC algorithm for a class of linear constrained systems with time-delayed states and bounded additional disturbances. An algorithm for calculating a robust positively invariant set for linear time-delayed systems was also presented. We determined that control performance can be improved by fully considering the information of delayed states in nominal linear constrained systems with time-delayed states. The active robust tube-based MPC algorithm was reformulated in the form of a finite number of LMIs. Numerical examples demonstrated the effectiveness of the proposed method. LIU GANG received the master's degree in guidance, navigation, and control and the Ph.D. degree in control science and engineering from Northwestern Polytechnical University, China, in 1995 and 1999, respectively. He is currently a Professor with the Xi'an Research Institute of High-Tech. His research interests include guidance, navigation and control, and hypersonic flight vehicle. VOLUME 7, 2019 
